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Abstract. We study the boundary between the vortex-solid and the vortex-liquid
phases in the Hc–Hab plane, for irradiated Bi2Sr2CaCu2O8+δ single crystals, by
measuring the ac-local magnetic permeability in tilted magnetic fields. For high
temperatures and at the phase boundary, we find that the c-axis magnetic field
component H transc decreases linearly when increasing the in-plane magnetic field
Hab, surprisingly in a wider angular range than in pristine samples. Strikingly, at
lower temperatures, this linear decrease of H transc (Hab) transforms to a concave,
hyperbolic-like, curve that differs even more strongly from the usual Ginzburg–
Landau (GL) elliptical phase boundary. We also propose a theoretical approach
to solve this puzzle.
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Vortex matter in strongly anisotropic layered superconductors, such as Bi2Sr2CaCu2O8+δ
single crystals, drastically differs from vortex lattices in moderately anisotropic superconductors,
e.g., YBa2Cu3O7−δ. In tilted magnetic fields, Bi2Sr2CaCu2O8+δ samples have two types of
vortices: the c-axis component Hc of the magnetic field produces stacks of quasi-two-dimensional
(2D) pancake vortices (PVs) [1], while the in-plane field component Hab generates Josephson vor-
tices (JV) in the layers between the CuO2 planes [2]. Interacting crossing PV and JV lattices have
been intensively studied theoretically [3]–[8] and recently directly observed using Lorentz
microscopy [9, 10], scanning Hall probe microscopy [11], and magneto-optical imaging [12].
Crossing vortex lattices exhibit non-trivial and fascinating dynamical behaviour (see,
e.g., [13, 14]) which allows us to manipulate [15]–[17] one vortex lattice via another one, as well
as non-standard thermodynamic properties [18]–[22]. For instance, in contrast to the Ginzburg–
Landau (GL) approach, the first-order melting transition line (the boundary separating the
vortex-solid and vortex-liquid phases) exhibits a ‘step-wise’ shape [20, 23] (i.e., approximately
linear decay interrupted by two flat-plateaux) if plotted in the Hc–Hab plane. Namely, the
c-axis component H transc at the phase transition decays linearly when increasing Hab, followed
by a plateau (i.e., a very weak Hab-dependence of H transc ). A similar stepwise shape of the phase
boundary was observed [19, 21] at a much lower temperature, T = 35 K, where disorder plays
an essential role and the transition is smooth—in contrast to first order. Thus, this suggests that
the shape of the transition line is controlled by general thermodynamic properties, rather than
the precise statistical features of the vortex-solid-phase, including vortex-glass, Bragg-glass, or
Bose-glass. Note that the difference between these glass phases is usually hardly distinguishable
in experiments.
This paper focuses on the important issue of how disorder affects vortex matter. Specifically,
our main goal is to obtain the boundary separating the ‘vortex phase’ with lower resistivity
(hereafter called ‘vortex-solid’) and the ‘vortex phase’ (denoted as ‘vortex-liquid’) with higher
resistivity in heavy-ion-irradiated Bi2Sr2CaCu2O8+δ samples in tilted fields. We performed
measurements of the phase boundary of irradiated Bi2Sr2CaCu2O8+δ through the whole angular
range. Irradiation expands the vortex-solid-phase along all directions, while simultaneously
decreasing the anisotropy of the material, i.e., making the resistive properties of the measured
samples more isotropic than in a pristine sample. Note that the suppression of the detrimental
high material anisotropy in Bi2Sr2CaCu2O8+δ by columnar defects is consistent with earlier
studies [24]–[26]. We find that, at relatively high temperatures, the c-axis component of the
New Journal of Physics 8 (2006) 226 (http://www.njp.org/)
3 Institute of Physics DEUTSCHE PHYSIKALISCHE GESELLSCHAFT
transition field H transc decreases linearly when increasing the in-plane magnetic field Hab,
as for pristine samples [18, 20]. At low temperatures, the linear decay is replaced by a
concave, hyperbolic-like, curve that differs even more from the elliptical transition lines [27]
for moderately anisotropic materials. This is striking because such a phase boundary shape has
never been observed so far, and cannot be described by the standard theories: the usual GL phase
boundary has elliptical shape, while the model in [5] for the crossing vortex lattices provides a
linear decay in H transc (Hab).
Note that the recent surge [28] of interest in studies of anisotropic layered superconductors,
including Bi2Sr2CaCu2O8+δ compounds, is due the expectation to obtain terahertz radiation from
moving JV lattices and to develop a set of well-integrated terahertz devices including terahertz
filters, detectors, amplifiers etc.
2. Experiment
In order to study the important problem of the effect of disorder on vortex matter in magnetic fields
with arbitrary orientation, we used two Bi2Sr2CaCu2O8+δ as-grown single crystals [29] (with
Tc = 89 and 88.9 K). These samples had defects introduced by heavy-ion irradiation (127I28+,
650 Mev), with doses of B = 0.1 and 0.02 T, respectively. The incident beams were directed
along the c-axis. Since the defects were produced by low-energy ions (compare, for instance,
with the 5.8 GeV radiation used in [26] to create columnar defects), we could expect some
‘bent columnar’ defects due to deviations of ions from straight trajectories when passing through
Bi2Sr2CaCu2O8+δ crystals with thickness of about 20 µm. Thus, we can expect less correlated
pinning in our samples with respect to samples with standard columnar defects. The vortex phases
were probed via local ac mutual-inductance measurements by using a set of two miniature coils.
One coil generated the local magnetic field to excite the vortex system, while the second coil
was glued on the other side of the samples in order to detect the transmitted ac response. The
size of the coils was 0.35 mm, which was sufficiently smaller than the size of the samples
(∼3 mm × 3 mm). This coil design was developed in order to diminish the surface barrier [30]
and to probe bulk properties. Indeed, even though some fraction of the current generated by the
coil can flow near the sample edge due to the surface barrier, the pick-up coil was well-screened
form these peripheral currents and it mostly measured the current directly under the coil. Since
the coils were fixed on the sample, the sensitivity for all H directions was kept constant, even
when H was exactly parallel to the ab-plane. The dc magnetic field, generated by a 70 kOe
split coil magnet, was rotated with a fine angular resolution of 0.01◦. A representative set of
data (ac-local magnetic permeability versus dc magnetic field for different angles) is shown
in figure 1. The curves are smooth, with no sign of the sharp features attributed to the first-
order vortex lattice melting transition that was observed earlier in a pristine Bi2Sr2CaCu2O8+δ
sample [31]. Therefore, in order to construct the phase boundary (see figures 2 and 3), we used
the voltage level of 15 µV (approximately middle point between zero and the saturation
value of the real part of the permeability, µ′, figure 1), in analogy with the definition of the
irreversibility line.
We would like to stress that a voltage criterion is usually in good agreement with other
definitions of vortex-liquid–vortex-solid boundary. For instance, the article [26] contains a
comparison of the phase boundary measured by two methods: (i) using a voltage criterion,
and (ii) using the criterion of the appearance of nonlinearity attributed to the vortex-solid phase.
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Figure 1. The magnetic field dependence of the real µ′ and imaginary µ′ parts of
the ac-local magnetic permeability µ for irradiated Bi2Sr2CaCu2O8+δ, with a dose
B = 0.1 T. Measurements were at T = 85.2 K for various field orientations with
respect to the c-axis.
Of course, determining the location of the phase boundary for the continuous phase transition
observed here is a delicate issue. Indeed, the line (associated with the phase boundary) measured
by using the voltage criterion depends on both this criterion and also the amplitude and frequency
of the applied signal. Changing these parameters, we have obtained a set of slightly different lines.
However, the shape of all the lines is almost the same, i.e., does not depends on a voltage criterion
and the strength of the applied signal. Thus, the ‘phase boundary’ terminology used below
refers to the measured shape of this phase line rather than the precise location of the
solid–liquid transition.
The phase diagram for strongly (B = 0.1 T) irradiated Bi2Sr2CaCu2O8+δ at the higher
temperature T = 88 K exhibits a behaviour (figure 2(a)) which is somewhat similar to the
stepwise phase boundary obtained earlier for non-irradiated samples (inset of figure 2(a)).
Namely, the linear decay of H transc , when increasing the in-plane magnetic field Hab, transforms
to a very weak (plateau) dependence of H transc . However, for the strongly irradiated sample shown
in figure 2(a), the linear decrease of H transc (Hab) occurs for a much larger region of phase diagram
(than for pristine samples, see e.g., [20, 31] or inset of figure 2(a)), persisting up to higher Hab
and lower Hc. The effective anisotropy γ (i.e., the elongation of the phase boundary when H
rotates from H ‖ c to H ‖ ab) could be estimated as γ = max(H transc )/ max(Hab) ≈ 67.5 which
is much smaller than for non-irradiated samples (≈150 obtained in [23]).
New Journal of Physics 8 (2006) 226 (http://www.njp.org/)
5 Institute of Physics DEUTSCHE PHYSIKALISCHE GESELLSCHAFT






























T = 88 K











































Figure 2. Phase boundary between vortex-solid and vortex-liquid phases in
the Hc–Hab plane of strongly (B = 0.1 T) irradiated Bi2Sr2CaCu2O8+δ, at
two different temperatures of 88 (a) and 77.5 K (b). The linear decrease
(a) of H transc (Hab) observed for high temperatures changes to a concave
(b), hyperbolic-like, behaviour of H transc (Hab) at lower temperatures. Inset in (a):
same as in panel (a), but for a non-irradiated sample [23]. Upper inset in panel (b):
vortex-liquid equi-resistance contour at T = 86.6 K, obtained for non-irradiated
Bi2Sr2CaCu2O8+δ single crystals in [23] and shown here for comparison. Lower
inset in panel (b): the slope of the phase line dH transc /dHab as a function of Hc.
This slope is proportional to the JV energy and decreases when Hc increases.
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Figure 3. Phase boundary between vortex-solid and vortex-liquid phases in
the Hc–Hab plane for weakly irradiated Bi2Sr2CaCu2O8+δ, at T = 87 K and
B = 0.02 T. The gradual evolution with increasing irradiation dose can be easily
seen by comparing this figure with the main panel of figure 2(b): the sharp
transition from the linear decay of H transc (Hab) to a very weak dependence observed
for pristine samples (see, e.g., in the inset of figure 2(a)) is now replaced by a
smooth transition (a concave piece of the curve in the figure shown above) between
linear decay and weak dependence in H transc (Hab).
The introduced effective anisotropy is applicable only to estimate the elongation of the
measured phase boundary, i.e., the line obtained using the chosen voltage criterion. Because
the melting fields along the ab-plane and the c-axis have different temperature dependences [32]
(due to different critical exponents), such an anisotropy also depends on temperature and
clearly cannot be used to describe vortex systems within the GL theory. However, such a
phenomenological anisotropy parameter still provides some insight into the anisotropy of
vortex matter in irradiated Bi2Sr2CaCu2O8+δ samples. Indeed, this anisotropy decreases with
increasing the radiation dose, consistent with previous studies of irradiated Bi2Sr2CaCu2O8+δ
samples [24]–[26].
For the lower temperature 77.5 K, pinning becomes stronger and, as shown in figure 2,
the transition line changes drastically: the linear part in figure 2(b) (which can be considered
a fingerprint of a crossing vortex lattice) transforms to a concave, hyperbolic-like, curve in
figure 2(b). Thus, at these lower temperatures, the question arises: is it still a crossing vortex
lattices (i.e., the interpenetrating PV and JV lattices controlled by out-of-plane and in-plane
magnetic fields, respectively) or something different?
It is important to stress that quick changes in thermodynamic properties at the transition
between liquid and solid vortex phases results in this very unusual concave shape of the phase
boundary, rather than a gradual evolution of the properties within each vortex phase. In order
to analyse this, we consider the equiresistance contour deep in the liquid phase studied earlier
in [23] for pristine samples. This contour is not a phase boundary and it is completely determined
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by properties of the vortex-liquid. However, these contours allow us to make a link between
experimental data and the commonly used GL theory.According to scaling law [27], the resistivity
in a magnetic field H , tilted away from the c-axis for the angle θ, depends only on the reduced
field as




cos 2θ + sin 2θ/γ2
)
. (1)
Thus, for an equiresistance contour, we obtain the elliptical shape
H2c (θ) + H
2
ab(θ)/γ
2 = H2c (θ = 0). (2)
Indeed, it was found [23] that such an equiresistance line shows an almost elliptical behaviour
(except for a very narrow angular region near the ab-plane) and, thus, can be roughly described
using a 3D GL theory with appropriate temperature dependence for the effective anisotropy.
Using the same scaling rules [27], we derive the elliptical shape for vortex-solid–vortex-liquid
transition. However, in strong contrast to the behaviour [23] in the vortex-liquid, the phase
boundary between vortex-liquid and vortex-solid for the irradiated sample shows a concave
phase line (a hypocycloid with four cusps) at the lower temperature T = 77.5 K. These properties
are robust for various criteria of the definition of the phase boundary.
We have also measured the vortex-solid melting transition (figure 3) for a weakly irradiated
sample with B = 0.02 T at a temperature T = 87.5 K (Tc = 88.9 K). This sample shows an
intermediate behaviour between the pristine and strongly irradiated samples discussed above.
As for pristine samples, the linear decay of H transc (Hab) at low in-plane fields is still clearly seen
for this weakly irradiated sample. However, a change from a linear decrease of H transc (Hab) to a
plateau occurs via a piece of the concave curve which smears out the sharp (point-like) change
from the linear decay to the plateau in H transc (Hab). This offers a picture of how the stepwise
shape of the vortex lattice melting transition transforms to an unusual hypocycloid shape of
the vortex-solid melting transition for strongly irradiated samples.
Thus, we can conclude that the phase boundary is influenced by the irradiation dose: the
concave shape occurs only for a sufficiently large dose when the density of pinning centres is
much higher than the vortex density. In this case, according to [26], 2D PVs form 3D vortices
which can slightly bend to adjust to the pinning potential.
3. Vortex dynamics near the vortex-solid–vortex-liquid boundary
In order to interpret the obtained results, we combine
1. The ‘discrete’superconductor model [26] proposed for the vortex-solid–vortex-liquid phase
transition in a superconductor with columnar defects and
2. the model [5, 20] employing crossing vortex lattices to describe the vortex lattice melting
transition in a pure superconductor in tilted magnetic fields.
The model [26] successfully describes experiments for H ‖ c. According to this model [26], the
vortex-solid(Bose-glass)–vortex-liquid phase transition occurs when the diffusion of PVs starts
between different PV stacks trapped by columnar defects. This is similar to the unbinding of
dislocations in moderately anisotropic superconductors. Such diffusion (i.e., jumping of PVs
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between different vortex lines) results in a strong suppression of the Josephson coupling in
the vortex-liquid phase. A similar suppression of the Josephson coupling in the vortex-liquid
was proposed by Koshelev [5] when deriving the vortex lattice melting transition boundary in
pristine superconductors. Consistent with both of these models, below we assume zero Josephson
coupling in the vortex-liquid.




2s2)1/2 ∼50 Oe, (3)
and
Hc > B/6 ∼150 Oe. (4)
This is the case for our measurements. Thus, we have to take into account elastic energies.
Analysing different contributions to the elastic energy, it was shown [5] that the tilted energy U44
is only relevant (and will be taken into account below) for strongly anisotropic superconductors
in this magnetic field range.
Finally, we assume that PVs can only occupy discrete positions associated with pinning
centres, in agreement with the discrete superconductor model [26]. These discrete positions
are randomly distributed, which is correct for both straight columnar defects and even more
appropriate for the bent columnar defects occurring due to deviations of ions having relatively
low energy (which likely happens in our case).
This general conclusions allow us to propose a model for a qualitative description of the
vortex-solid–vortex–liquid transition line (see next section).
4. Theoretical interpretation
Now we discuss the thermodynamics responsible for the evolution of the vortex-solid–vortex-
liquid phase boundary of the irradiated Bi2Sr2CaCu2O8+δ samples when the temperature
decreases. The free energy of crossing lattices can be written as [5, 20]: F solid(Hc, Hab) =
F solid0 (Hc) + H2ab/8π + εJHab/0. It consists of the free energy of the PV lattice F solid0 (Hc) at
zero in-plane field, the in-plane magnetic energy, and the energy of the JV lattice, where εJ is
the energy of a JV. Following approaches in [5, 20], we can assume that the Josephson coupling
is very small in the vortex-liquid phase, due to large thermal fluctuations and/or diffusion of
PVs between PV stacks (i.e., εJ ≈ 0). Thus, for a qualitative analysis, we can approximate
the free energy in the vortex-liquid phase as F liquid(Hc, Hab) = F liquid0 (Hc) + H2ab/8π, where
F liquid0 (Hc) = F liquid(Hab = 0) is the free energy of the vortex-liquid for zero in-plane fields.
The condition that the free energy F solid is equal to F liquid at the phase boundary results in the
following equation [5, 20] for the phase transition line:






M = ∂(F solid0 − F liquid0 )/∂Hc.
For irradiated samples, the experimentally observed concave shape of the transition line
suggests that the energy εJ of a JV decays when Hc decreases. Indeed, the slope of the transition
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Figure 4. (a) schematically shows a potential describing columnar random
pinning. (b) Schematic displacement of PVs in pristine (unon-irr, smooth dashed
lines) and in the irradiated (unon-irr + ξ, step-like solid lines) samples occurring due
to PV–JV interaction (a JV is shown in blue). (c) schematically illustrates how the
T = 0 pinning potential effectively becomes smoother (in blue) due to thermal
fluctuations: one pancake (thick red bar) is schematically shown fluctuating in
and out of a pin, producing a smearing of the pinning potential.
line H transc (Hab), which is proportional to εJ (see, equation (5)), decreases when lowering Hc (see,
lower inset of figure 2(b)). Note that, as was derived in [5, 6], for pristine samples, the JV energy
εJ increases when decreasing Hc. This emphasizes the crucial role of the columnar defects on
the thermodynamics of JVs and PVs.
For a pristine sample, the in-plane current generated by a JV displaces PVs a distance unon-irr
from their unperturbed positions in a triangular lattice. This displacement unon-irr occurs mainly
along a JV (along the x-axis) and decreases from the JV centre in both the out-of-plane (z)
and in-plane (y) directions (see figure 4). The bending ∂unon-irr/∂z of the PVs along a JV partly
screens [6] the field of a bare JV. The displacement unon-irr and the effective JV field bJ can be
derived from the force balance of the Lorentz force and the elastic restoring force. These can
also be derived by minimizing the free energy functional F non-irrJV (u) consisting of both the elastic
tilt energy of PVs and the energy describing the interaction of PVs with the in-plane currents of
the JV. The JV energy for pristine samples within such an approach [5, 6] is
εnon-irrJV = F non-irrJV [unon-irr] =
0
8π
bJ(z ≈ s, y ≈ γeffs) ∝ 1√
Hc
, (6)
with the effective anisotropy parameter γeff .
For irradiated samples, interactions of PVs with columnar defects should be taken into
consideration. This decreases the energy of the vortex-solid at low temperatures (when thermal
fluctuations are weak) as F solid0 − εpinHc/0 with the depth εpin of the pinning wells. Such a
decrease of the free energy of the vortex-solid phase explains the experimentally observed high
c-axis transition field H transc ∼ 500 Oe at T = 77.5 K (figure 2(a)). Moreover, the interaction of
PVs with columnar defects has to be added to the force balance when we derive the displacement
of PVs by JV currents. As a result, the free energy functional for a JV in an irradiated sample
can be written as
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where Upin is a random pinning potential (see figure 4(a)). The displacement unon-irr minimizes the
energy functional F non-irrJV , but not the whole energy FJV because of the pinning contribution. The
functional FJV takes its minimum value εJV, if PVs occupy the pinning potential minima which
are nearest to the line unon-irr(y, z) (see, figure 4(b)). Next, we use the ‘discrete’ superconductor
model [26], which assumes that the PVs only occupy the discrete positions of the pinning centres.
Thus, the displacement uirr can be approximated as
uirr = unon-irr + ξ, (8)
where ξ is the displacement from unon-irr to the nearest pinning centre. For a random distribution
of columnar defects, ξ is a random function with dispersion 〈ξ2〉 ∼ r2p ≡ 0/B. This results in
an estimate of the JV energy:
εJV = F non-irrJV [unon-irr + ξ] ≈ εnon-irrJV + U44r2pSc. (9)
Here, the electromagnetic tilt energy can be estimated [5] as U44 = 0 Hc ln(γs/λab)/(16π2λ4ab),
and Sc is the effective area where the JV currents are strong enough to shift the PVs away from
the pinning centres (very roughly Sc  πγλ2ab). The precise calculation of Sc is a rather difficult
problem and will be discussed elsewhere. Nevertheless, if we assume that Sc is roughly constant
with respect to Hc, we obtain
εJV ∝ α Hc + βH−1/2c , (10)
and εJV could decrease with Hc for a certain region of parameters in agreement with experimental
findings. Note that the suppression of the energy εJV of a JV also occurs when Hab increases.
However, the dependence of εJV on Hab is very weak (logarithmic dependence) and can be ignored
compared to the other effects studied above.
Another possible scenario is related to the smoothing of the transition from the vortex-solid








and the expansion of the vortex-solid and vortex-liquid free energies, F solid0 and F
liquid
0 , up to
the second order with respect to (H transc (Hab = 0) − H transc (Hab = 0)) must be done to obtain the
transition line. In this approach, we derived the equation
H transc ≈ Hc(0) − α
√
Hab, (12)








Equation (12) also describes the concave shape of the transition line.
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At higher temperatures, the pinning is smeared out due to thermal fluctuations (see
figure 4(c)) and the ‘discrete’ superconductor model [26] is no longer valid. As a result, the
more standard phase diagram in Hc–Hab plane is recovered. However, this thermally smoothed
columnar pinning can still stabilize the distorted crossing lattices with respect to the formation of
both a ‘crystal+chain’ vortex state and a ‘tilted vortex lattice’, when H approaches the ab-plane.
This explains the persistence of the linear decrease of H transc (Hab) for irradiated Bi2Sr2CaCu2O8+δ
samples, compared to pristine samples. Indeed, the transformation of the linear decrease of H transc
to a weak dependence of H transc (Hab) is usually ascribed [6, 33] to the transition from a crossing
vortex lattice to a tilted vortex lattice (or chain state). Thus, a very long (practically up to H ‖ ab)
linear decay of H transc (Hab) indicates that the tilted lattice phase is almost gone for the irradiated
Bi2Sr2CaCu2O8+δ samples.
Here, we only provide a physical picture for calculating thermodynamic properties
for irradiated Bi2Sr2CaCu2O8+δ samples. For a quantitative description, a more detailed
and cumbersome theory should be developed, that properly considers the PV kink energy (see,
figure 4(b)), nonlocal effects [34], and kinetics [35] of vortices with different orientations,
among others.
Finally, we address the issue of what kind of vortex phase could exist in strongly irradiated
Bi2Sr2CaCu2O8+δ samples. Comparing the well-known scaling of current-voltage (IV) curves
obtained [36] for irradiated YBa2Cu3O7 with similar ones for irradiated Bi2Sr2CaCu2O8+δ (see,
e.g., [37]), it could be concluded that both of them follow a scaling behaviour that could be
attributed to a Bose-glass phase [38]. This looks a little surprising because the vortex structures in
these materials are very different (tilted vortex lattice for YBa2Cu3O7 and crossing vortex lattice
for Bi2Sr2CaCu2O8+δ). This enormous difference of vortex arrays clearly manifests itself in
the completely different shape of the melting boundary (elliptical for YBa2Cu3O7 and step-
wise like for Bi2Sr2CaCu2O8+δ). Thus, despite of intensive investigation of vortex phases in
the presence of columnar defects [39], more detail experimental studies (which are beyond
the scope of this study) might be necessary to confirm or demolish the Bose-glass phase in
Bi2Sr2CaCu2O8+δ.
5. Conclusions
We experimentally obtain the phase diagram of the transition between vortex-solid and vortex-
liquid in tilted magnetic fields for irradiated Bi2Sr2CaCu2O8+δ. At low temperatures and at the
phase boundary, H transc exhibits an unusual concave, hyperbolic-like, dependence on the in-plane
magnetic field. We provide an explanation of this unusual behaviour and also a physical picture
based on our calculations of the thermodynamic properties for irradiated Bi2Sr2CaCu2O8+δ.
Note also that the studies of the shape of the vortex-solid melting transition is important in
order to control the low vortex-solid low-resistance phase by using external drives, e.g., externally
applied currents [40] (which could be useful for some feedback devices).
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